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The transfer equation for a spectral line with a split upper level is solved formally. The
explicit solution is then explored by the method of Chandrasekhar. Simplified expressions
are given for the first approximation to the solution which is then compared with a solu-
tion obtained by Unno. Discrepancy between the two is quite large at the center of the line

but falls off toward the wings.

The solar absorption line FeI 5250.218 A due
to the @®D,—z'D, transition is the one most fre-
quently used at the present time in studies of the
solar magnetic fields. In many cases, and espe-
cially in investigations involving the determination
of the magnitude and direction of the magneticfield,
it is important to have a complete knowledge of all
the polarization parameters for all points of the
line profile. Unno [1] has obtained a solution of the
transfer equation for a line formed as a result of
true absorption. The solution is used in most pa-
pers concerned with measurements of the solar
magnetic field vector [2-5]. Unfortunately, scatter-
ing plays an important part in the formation of the
A 5250 A line. This is evident from the fact that
the line profile varies only slightly between the
center and the wings. Stepanov [6-7] has obtained
a solution of the transfer equations with allowance
for scattering, but had to introduce a number of
important simplifying assumptions. Rachkovskii
[8] obtained an exact solution with allowance for
scattering for a line with a split lower level
(; =1, jy = 0). An example of such a lme in the
solar spectrum is the line FeIA 6302.5 & due to the

z%P;—g®D, transition. Rachkovskii showed that dis-
crepancies with Stepanov's theory are quite sub-
stantial at the center of the line, but fall off rapidly
toward the wings. The problem of the formation
of the A 5250 & line, which is different in so far as
the upper layer is split (] 0,.j, = 1), has re-
mained unresolved. Below we-report a solution of

398

the transfer equation for a line of this kind. The

solution was obtained by the method of Chandrasekhar

[9] on the assumption of azimuthal symmetry. Mag-

netic rotation in the line was not taken into account.
The transfer equations for polarized radiation

in the presence of a magnetic field may be written

in the form

M?=(1+HI)I+TIQQ+YIVV-SJ,
d

12 — ol +(1 4+ 1)@ — Se, )
av

po—=nvl+{+n)V—Sy.

where I, Q, V are the usual Stokes parameters for
polarized radiation [1, 9]:
0 + N

nr sm%p—l— (1 4 cos?yp),
an %—*—nrcos\p

Y is the angle between the magnetic field and the
line of sight and np, n;, nr are the absorption co-
efficients in the 7_, o,, o_ components respec-
tively. The three source functions Si, 5Q: and Sy
determine the different contributions of scattering
and true absorption to each equation in (1).

To begin with let us write down the formal
solution of (1) for an arbitrary source function:

© American Institute of Physics * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1965SvA.....9..398O

BSVA T 1o D; 139800

rt

SOLAR ABSORPTION LINE 399
Nnv ne nv

I=———_qer ( S SV \e-"ﬂd'[ + et (S, — Se— Sv> e'*"'d'l:},

2;; S an2 + ny? Tne*+nv? - S Vne® + nv? Tne* + nv?

1 Senv — Svne Nnv
oo SIS g 1o (54 .
n S ne* + nv? 20 e + nv? { S Tne* + nv? + 'lv ‘r”flq2 +nv?
NQ v |
X eMidy — et ( St — ——==250— == Sv ) ey g,
S Vne® + nv? Ve + nv? J @)
S —S -
V=ie7~|‘l«'$ nQ_Qn_V___Vn_Q.e—Mfdt—___n_‘__.. {eM"Q(SI—l- Ne SQ+ v SV)
0 n¢* + nv? 2 Yng* +nv? . e +nv? - Vned +nv?
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where
NeQ

1 1 -|/ 2 2 V) = — Bl — , )

Ry = — +r N V. +nr = Vn? +nv ) d Bl A +n)2—ng—nv?

n i v
Vu=—

In the case of true absorption

== (1 + fII)Bv,
Sq = MeBy, Sv = nvBy
and for By = By(1 + B,) we have Unno's solution
141,

I,=1+pp

(1 +n1)2—nd—nv?

Sz=%(1 &) § ["’+"' (1 + cos? ) (14 + cos? ¥) +——<1n21|>sin21p’]ldm

TR P E——

When there is scattering, the source function
depends substantially on I, Q, and V, and the par-
ticular form of this dependence is determined by
the type of splitting. For the 5250.22 A line, the
source function can be obtained with the aid of the
scattering matrix which we introduced in [10]:

7

- (1—¢) S [—— sin? ¢ sin2 ¢’

T d ’ r 7
'fll+7] ———— (1 4 cos?}) sin2 P ]Q 4(:‘ +%(1—e) S [—ﬁ"— (1 + cos? ) cos ¢’ ]V%—o:—-+(1+sm)3v,
SQ=%(1—3)S [12’”—sin2¢sm¢' ’“‘+"' (1 o) sin® ] § ‘Z‘: )
+— (1 —g) S [ sin2 sin2 P’ + ————— u +"l sin2 sin%p’] —g) S 'fll+71 ——————sin?YPcosyP 4:1:0’_'_ engBy,
SV=E2(1—3)S [—M(l—i-cosz\p Ycos I — mlj_ . — sin2 ¢’ cos¢Q+m+n cosap'cosapV]-i%l-+ envBy.

The source functions in (1) may be obtained by solving (1) by the method of Chandrasekhar [9] which,
however, is applicable only to azimuthally symmetric problems in which u = cos ¢, and (1) and (5) can be

written for € = 0 as follows:

i+ v "_%BI-HI' (1+u3)2
L+ pd)ai— 3—@—»‘2)2:1(1—»3)% 3—m+n'(1+u3)2Qz(i—u:’)a:
3 np

—7 5 U—ed) D1 —pHai—

4

_ltn_'. 4+ pd) Z Villia; — B,

4
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dQ; .3 r 3
d—(—nw +( )¢+ "”g" A—wd) SLO+pda =21 — ) F L —pda
3 r r
=M e 3 0t —pd)as— 22 (1 — ) 2 0t — e+ 3 —FY (1 — ) ) Ve,

dVv;
wi— =nvili+{1+nn)Vi—

dt

+__T]—l+‘flr_ 2 Qi(1 —p)a; —

4

We have thus replaced a system of three inte-
gro-differential equations by a system of 6n linear
first-order differential equations where pj =—p_;
are the zeros of the Legendre polynomials Pm( e
and aj = a~j are the corresponding Gaussian
weights.

The solution of this system is

]. 3n
7 =2 Crae™"+14po
=1
14nn
+ ﬁul(i + )2 —1ned —nvid e
Q; N NQi
= > CypyeFa® — . ,
B, a:i Qo Bui (1 Fn11)2— e — qvid
V 3n 1]Vi
= Cyq et i .
B, O;, ve — Py (1 +nr)?—ned —nvi®

and since there are no sources on the boundary, we
have

———_ Hizl (1+u'1.2)a1

n + nr
l Z Vipiai. (6)

14
(1 +mn5)2—mne2 —nvd

3n
ACra=—1—Bp;

3n

> Cou = P flot ,

t;:l oo = B (1 +n1)2—ne — Mvé ®)
Z Cve = Bus -~ Nvi

—t. (1 4+nri)2—ne2 —nvid

We have not succeeded in obtaining an explicit
expression for the characteristic roots and proper
values of the matrix of the system given by (6) for
n > 1. The characteristic roots and the proper
values of the matrix were therefore calculated by
a modification of Krylov's method [11].

The solution given by (7) may be used to find
the source functions, which can then be substituted
into the formal solution given by (3). The final solu-
tion of (1) will then be

1(0 )= % (1 + kal-L'l"l]I)Pm— T]QPQa—TlVPV«z
’ (1+ kap +n1)2 —ne* — nv?

=1

’ 3n

(me® + 1v?) Pra+ (1 + kap + 1) (MePoe + NvPva)

+IU1

NvPoa — NPy

)0, )= dng——1— Z '
eOm e [(1+ Aap 4 11)* — ne*> — vl (ne* +1v?) nQ2+nv oy 1A Eap+m1 e
3n 3n
. —Me* +1v?)Pra+ (1 + kap + n1) (MePox + NvPva) Ul NvPoe — NvPve
V(O,p)= v - ) Vo.
O = 2 0 T 1) = net = mel(ngt 1) N S Rt

The solution for a line with any type of splitting can be written in this form, The particular type of
splitting will affect the quantities ky, P1y, Pyq and Pqq * Piy, PQe and Pyq,. The last three are found
by substituting (7) in the expression for the source functions. The result is

81 = D\ Prae "+ (14 11) By,
o
Sq =D} Poa e + noBy, (10)
o

Sy = ?_, Py e*a® 4 1y By.

a
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The solution assumes a simpler form for n = 1, in which the characteristic equation is a cubic in

ulzkzt
. 2 ‘
ik — (1 4+ 1) (3 + ) ks +-{ — meumvi2 +[ (1 4+ 2noen) (4 + 2nywy) — 1" | e
— w21+ 2nee) — el (L 4+ 2nrv)) + (1 n0)? 2+ ni) | ekt
. 2
— ()L )= e — vl [ (14 2n0a) (1 + 2y — 2],
where 1
- S‘ z—1t)= — B Not ’
ﬂoo=(—n4i+m%in2¢, 20:1( ) fsll(‘1-|-1flu)2—"lmz—ﬂwz
10 13 Nvi
= S w—wy=—pp .
’vlvv=%(ne+m)c°s¢. Za-:-'l( ) P (1+nn)2—neld —nvé
Let Figure 1 shows a plot of the profile of the

0 =[(142nvve) (1 + 1) — pk2[(1 + 2n001) (1 +111)
— pke?] — v (1 'l‘ Nn)?
+
0; = pikanor [(1 4 2nqe1) (1 4 nu1) — pePhe?]

_ v 4 ) piks
2

0 = pikanvi[(1 4+ 2nvve) (1 4 n11) — pi2ka?

_ Mvimer (1 4 1) pakee
2 ¥
2“1"'0; 04 2
=L s1=————— L,
14 pika @ 0 14 pke @
W= — _ﬂz____i__ ’
- 0 1+ ke @
¢ Nvi w — 1+27]vvxz
2“4/60;. Zuilca
g — L1200 LN
wika ik
In that case

Poa=—gi$+nqoz——2-v—w

PV¢=nTV$— v

z4+nvvw,

4
where L, is found from the condition

; 1+
y Lo =—1 ,
azt * + Bm(i )2 —ne? — v

5250.22 & line. It was assumed that the absorp-
tion coefficient within the line is of the Doppler
kind:

Np="mee™, M =noe*+wF,  m, = noe(>-"u"
AM Arg

= ) Uy = ——+,
Sy T A

N=9, va=1.0.

This was compared with Unno's solution cal-
culated from Eq. (4) for y = 1. Figure 2 shows a
plot of

_ 00— 0w

A
QO

It is evident from Fig. 2 that near the center
of the line, Unno's solution departs substantially
from the solution obtained here, but in the wings
the difference is smaller. The similarity between
Unno's profile and our profile persists only near
the center of the disc. As one approaches the limb,
Unno's solution tends to zero, whereas our solution
varies little. It is important to note that in photo-
electric measurements of the total vector, the exit
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Fig, 2

slit of the magnetograph intercepts radiation from
a relatively broad section of the line wing (the size
of the slit used in [2] is indicated by the broken
lines in Fig. 2). It follows that as a result of in-
tegration over a wide slit, there is a large contri-
bution due to those parts of the wing for which A
is small. It is quite easy to show that whenv;=1.0,
the signal calculated from (9) will be larger than
that obtained from Unno's solution by only 10%.
Therefore, if we take into account the weak de-
pendence of (9) on u, we can interpret observations
of the total magnetic field at all points on the solar
disc by using Unno's solution with u = 1 as was
done in [2]. The errors introduced by this pro-
cedure will evidently be small. It is important to
note, however, that so far the comparison has .
been carried out for a single magnitude of the
splitting. Moreover, azimuthal asymmetry has not
been taken into account in the solution. We intend

to perform more detailed calculations. On the other

hand it has been suggested that the magnetic field
parameters can be deduced by comparing theoreti-
cal and observedprofiles[1,4,5]. Insuchcases, the
calculations should be carried out on the basis of
the solution given by (9) above if the 5250.22 A line

is employed or only the distant wings of the line
should be considered.
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